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ABSTRACT 

A framework is presented for the automatic 2D abstraction, decomposition and block-structured hexahedral meshing of a volume 

defined by a closed triangular mesh. No proofs, necessary or sufficient conditions are provided. Instead, constructive definitions 

and instructions describe a procedure for automatically building a 2D abstraction and an all-hexahedral mesh. First, a constrained 

Delaunay tetrahedralization of the interior of the object is built and its tetras are partitioned into groups based on their internal edge 

and face counts. Through labeling, organized structures are observed where 64-tetras (6 internal edges and 4 internal faces) bookend 

stacks of 54-tetras (5 internal edges and 4 internal faces). Stacks of 54-tetras, connected four-to-each 64-tetra, form a network of 

primary prism that populate the entire object near and along its edges. The exposed edges of the primary prism form rails that 

partition the input mesh into two categories of patches. Source and target patch pairs that define extrudable sub-volumes, and edge 

patches that define secondary prism. Degeneracies are remedied through affine transformations and an efficient local mesh 

manipulation process. The mid-mesh of the extrusion pairs is then computed and extended in order to obtain a 2D manifold that is 

a far simpler, albeit incomplete, 2D abstraction of the object than a customary mid-surface/medial axis representation. The result 

is a partition of the volume into extrudable, prismatic and tetrahedral blocks that trivially leads to a single block-structured 

hexahedral mesh.  
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1. INTRODUCTION 

Block-structured hexahedral meshes are of interest for both 

their geometrical and computational qualities. If available, a 

block-structured hexahedral mesh is often the preferred choice 

for non-linear plasticity and CFD analysis due to its ability, 

among other things, to ensure near-90º element corner angles 

while maintaining excellent orientation with respect to 

boundaries. Furthermore, in thin parts, commonplace in 

aerostructures, electronics and generative design, the density 

of hexahedral meshes are, in general, less affected by element 

aspect ratio than in the case of tetrahedral meshes.  As a result, 

block-structured hex meshes of such parts may feature up to 

two orders of magnitude fewer elements than equivalent 

tetrahedral meshes, thus resulting in substantial computational 

gains.   

2. PREVIOUS WORK 

Attention to the special role played by 3-triangles (Delaunay 

triangles featuring 3 internal edges) and 64-tetras (Delaunay 

tetras featuring 6 internal edge and 4 internal faces) in 

identifying special morphologies in closed 2D and 3D regions 

was first reported in the context of approximating medial axes 

and mid-surfaces using meshes [1] [2] [3]. But while only in 

2D may one approximate the ñinsideò mid-object of a closed 

loop as the locus of the circumcenters of its 3- and 2-triangles, 

in 3D,  the circumcenters of 64- and 54-tetras may not be used 

as an approximation of the mid-surface [4]. In his 

LayTracks3D approach to meshing general solid, [5] identifies 

entire prismatic blocks along the sharp edges of objects and 

calls them tracks and rails. He then goes on to create an all-

hexahedral mesh. We will use a similar concept in this work. 



3. NOMENCLATURE AND CONSTRUCTION 

We present a method for automatically building a 2D 

abstraction of an object that is simpler than a mid-

surface/medial axis, with the final goal of generating a block-

structured hexahedral mesh. Our approach is based on the 

observation that a constrained Delaunay tetrahedralization of 

a closed and finely meshed triangular surface mesh, without 

the addition of any internal nodes, yields only a handful of a 

certain type of tetras that we call 64-tetras (meaning, 6 internal 

edges and 4 internal faces). We speculate that the number and 

placement of the 64-tetras is robust, invariant and characterizes 

the morphology of an object. Without providing any proof nor 

any necessary or sufficient conditions, we suggest that the 

exposed edges of the 54-tetras (5 internal edges and 4 internal 

faces) partition the triangular surface of the mesh into patch 

pairs delineating extrudable volumes. We then use the patch 

pairs and their bordering primary prisms to compute a 2D 

abstraction of the object that leads us to a final hexahedral 

block-structured mesh. 

3.1. Definition of 64- and 54-tetras 

Figure 1 shows a finely triangulated surface mesh representing 

a test object that we will use throughout this presentation. This 

object is obtained by boring two partially offset and partially 

intersecting cylinders through a brick. 

 

Figure 1: Surface mesh of test object 

A fine triangulation of the test object followed by Delaunay 

tetrahedralization produces 236,242 tetras, only 15 of which 

have 6 internal edges and 4 internal faces and thus qualify as 

64-tetras. For the sake of definition, in the context of a 

tetrahedral mesh, an internal face is defined as one that is 

shared by 2 tetras, and an internal edge is defined as one that 

borders only internal faces. We call such tetrahedra 64-tetras. 

64-tetras play an important role in the present method. Figure 

2 represents all the 64-tetras generated in our test. We 

speculate, without proof, that for a ñfine enoughò initial 

triangular mesh, the number and general placement of 64-

tetras remain unaffected by the level of refinement. 

 

Figure 2: 64-tetras 

A practical way of differentiating tetras is by labeling them 

with a decimal number where the tens represent the number of 

internal edges and the units represent the number of internal 

faces of that tetra. In this fashion, a 64 tetra will  be labelled as 

64 for its 6 internal edges and 4 internal faces. Letôs now 

consider 54-tetras. In Figure 3 they appear organized as 

prismatic structures (stacks of tetrahedra) throughout the 

mesh. 54-tetras have 4 internal faces but only 5 internal edges, 

thus leaving one exposed edge on the surface. 54-tetras appear 

as stacks of tetras bookended by 64-tetras. In Figure 3, 64-

tetras are rendered as solids while 54-tetras are rendered as 

gray wire meshes. 

 

Figure 3: 64- and 54-tetras 

3.2. Primary prisms 

By sorting 54-tetras into individual stacks starting and ending 

at 64-tetras, in the present example, 38 individual sets are 

found, organized as jagged sets of connected tetras linking the 

triangular faces of pairs of opposite 64-tetras. We refer to these 

sets as primary prisms because they represent a volume 

homeomorphic to a prism. In Figure 4 different colors are 

assigned to each primary prism to help distinguish them from 

one another. Note that 64-tetras are not visible in this solid 

rendering as all 4 faces of 64-tetras are covered by primary 

prisms. 



 

Figure 4: Colored primary prisms composed of 
connected 54-tetras linking opposite 64-tetras (not 

visible) 

3.3. Regular, loop and degenerate primary 
prisms 

Primary prisms are made of 54-tetras. In general, primary 

prisms originate and end at the face of a 64-tetra but there are 

exceptions: loop primary prisms and degenerate primary 

prisms. 

1. Loop primary prisms which occur around holes are 

composed solely of 54-tetras. Figure 5 shows a 

closeup view of two loop primary prisms that occur 

in the Landing Gear example depicted in Figure 39. 

2. Degenerate primary prisms originate at a 64-tetras 

but terminate at 34-tetras and are generally located 

near the corners of the object. Figure 6 shows a 

degenerate primary prism in the present example. 

 

 

Figure 5: Two loop primary prisms produced in the 
Landing Gear example. Features of the model 

appear in gray 

 

 

Figure 6: A degenerate primary prism (left) and its 
closeup view (right). 

By definition, a 54-tetra possesses one exposed edge on the 

surface of the mesh.  The exposed edges of the 54-tetras in a 

primary prism form 3 jagged curves on the surface mesh. We 

call these curves rails. Figure 7 shows one such prism and its 

3 rails, as well as the pair of 64-tetras that bookend it. 

 

 

 

Figure 7: A single primary prism bookended by two 
64-tetras (top) and its 3 rails highlighted in light 

blue (bottom) 

3.4. Partition of the surface into extrusion 
and edge patches 

Rails are connected sets of exposed 54-tetra edges. Again, 

without proof, we suggest that rails for closed loops on the 

surface mesh and as such partition the surface mesh into a 

number surface patches. In the present example, 40 patches are 

created as shown in Figure 8. 

 



 

Figure 8: Surface patches resulting from the 
partition of the surface faces by rails 

Surface patches may be further classified into two categories: 

extrusion patches and edge patches. Extrusion patches are 

formed when loops of primary prisms carve out two opposing 

patches from the surface mesh. Two such loops are shown in 

Figure 9: Two primary prism loops (top) and their associated 

extrusion patch pairs are shown in the bottom image.  

 

 

Figure 9: Two primary prism loops (top) and their 
associated extrusion patch pairs (bottom) 

Extrusion patches always appear in pairs. Figure 10 shows the 

7 pairs of extrusion patches produced in the present example. 

For the sake of clarity, patch pairs are colored identically.  

 

 

 

Figure 10: Extrusion patches 

Extrusion patch pairs, along with the lateral walls of the 

primary prisms surrounding them carve out swaths of 

extrudable volumes from the object. Figure 11 shows the two 

earlier patch pairs and their associated sidewalls extracted 

from the primary prism loops that surround them. 

 

Figure 11: Two extrusion pairs and the sidewalls 
surrounding them 

The remaining non-extrusion patches are called edge patches. 

Figure 12 shows the edge patches in the current example. 

Masked extrusion patches appear as holes. 



 

Figure 12: Edge patches 

3.5. Edge patches and secondary prisms 

Secondary prisms are a new type of prism enclosed by edge 

patches and the internal walls of one or more primary prisms. 

Remembering that an edge patch is one that is not an extrusion 

patch, the two edge patches (out of a total of 26) shown in 

Figure 13. The boundaries of these edge patches are composed 

of primary prism rails. 

 

Figure 13: Two edge patches 

Consider all primary prism that shares two rails with these two 

edge patches. These prisms are shown in Figure 14 where, for 

the sake of clarity, the edge patches are not shown . 

 

 

Figure 14: Primary prisms that share 2 rails with the 
two edge patches 

Finally, consider the sidewalls of these primary prisms that 

face the edge patches which, along with the edge patches, 

form two closed volumes. these volumes are called secondary 

prisms and are shown in Figure 15 from a different angle for 

the sake of clarity. Like primary prisms, secondary prisms 

define precise volumes (blocks) within the object but unlike 

primary prisms, secondary prisms are not made of 54-tetras. 

Instead (without further development) they are mostly made 

of 33- and 44-tetras. 

 

Figure 15: Edge patches and the primary prism 
sidewalls that define secondary prisms 

3.6. Calculation of the mid-mesh of 
extrusion patch pairs 

Without any proof, we assert that extrusion patch pairs are 

connected through 33- and 44-tetras only. 33-tetras have one 

exposed face and 3 internal edges. 44-tetras have no exposed 

faces but 2 exposed edges, in general opposed to one another 

in the tetra and belonging to opposite patches. There is no easy 

way to represent the 33- and 44-tetras that join each patch pair. 

Figure 16 shows the leftmost extrusion patch pair depicted 

earlier in Figure 10, with a section cut through the 33- and 44-

tetras that connect the patch pair. It can be noted that 33- (in 

blue) and 44-tetras (in yellow) form, by far, the majority of the 

tetras in a Delaunay mesh with no internal nodes obtained from 

a ñfine enoughò surface mesh. 



 

Figure 16: Cut through 33-and 44-tetras 

The 33- and 44-tetras that connect the 2 patches can be easily 

identified as the set of 33- and 44-tetras that have either a 

surface face and its corresponding opposed node or, opposed 

edges, on each patch of the pair. Consequently, we can 

accurately construct the mid-mesh of such extrusion patch 

pairs. The process is described later in detail. Figure 17 

represents a 2D abstraction of the example model composed of 

the 7 smoothed and ñextendedò (details below) mid-meshes of 

the 7 extrusion patch pairs depicted earlier in Figure 10. 

 

Figure 17: Smoothed 2D abstraction (extended mid-
meshes) of extrusion pairs 

Smoothed 2D abstractions may now be re-meshed as quad 

meshes using any quad meshing meshed such as advancing 

front or paving (Figure 18).  

 

Figure 18: Quad-meshed mid-meshes 

4. HEX MESHING 

Without proof, we suggest that the volume of the object, and 

more specifically the tetras composing the Delaunay mesh, are 

partitioned into 4 sets: 

1. 64-tetras 

2. Primary prisms, composed of 54- and a few 34 tetras 

3. Extrudable sub-volumes, composed of 33- and 44-

tetras 

4. Secondary prisms, composed 33- and 44-tetras 

almost exclusively 

These sets are all primitives and as such can be treated as 

blocks and meshed and combined as a compatible all-

hexahedral mesh. 

4.1. Hex meshing of extrusions 

The vertices of quad-meshed 2D abstractions may be extruded 

along the internal edges of the 33- and 44-tetras that connect 

each patch pair. It can be noted that wherever two extruded 

mesh blocks come into contact, their grids are compatible by 

construction (detailed later) because their abstracted patches 

are adjacent. Figure 19 shows the hex meshes resulting from 

all 7 extrusions and subdivided in 2 along the extrusion. 



 

Figure 19: Extruded mid-mesh quads 

4.2. Hex Meshing of primary prism blocks 
and blocks defined by 64-tetras (64-blocks) 

The blocks defined by primary prisms,  referred to hereafter as 

primary prism blocks are meshed as hexes by first subdividing 

them longitudinally, then azimuthally, by splitting their 

triangular cross-section into 3 quads. The boundary nodes of 

the quad meshed abstractions dictate the slicing locations of 

the primary prism blocks in their longitudinal direction thus 

ensuring that the extruded mesh and the hex-meshed prism 

blocks share compatible nodes. 64-tetras and degenerate 

primary prism blocks, which are also homeomorphic to tetras, 

are tetrahedral blocks and are split each into 4 hexas each 

(Figure 20). 

 

Figure 20: Hex-meshed extrusion, primary prisms 
and 64-blocks 

4.3. Hex meshing of secondary prism 
blocks 

Secondary prisms are defined by edge patches and the 

sidewalls of primary prisms. Therefore, the blocks they 

represented can be subdivided following the longitudinal 

subdivision of the primary prism blocks whose sidewall they 

share. Figure 21 shows the completed mesh composed of the 

extrusions, split in 2 in the direction of the extrusion, matching 

the primary and secondary prisms split into hexas and the 64-

tetras also split into 4 hexas. 

 

Figure 21: Final lock-structured hexahedral mesh 

5. DETAILS 

The details of the construction of the 2D abstraction which 

ensures the compatibility of the extruded meshes, the data 

structure needed to maintain a link between the tetra and hexa 

meshes and other fine points are addressed in this section. 

5.1. Construction of a 2D abstraction that 
ensures the compatibility of the extruded 
hex meshes 

Extrusion source and target patch pairs connect 33- and 44-

tetras. For each pair, the mid-mesh can be constructed by 

assembling the individual 2D elements obtained when a 33-

tetra is split with a plane across its 3 internal edges (producing 

a triangle) and a 44-tetra is split across its 4 internal edges 

(producing a quadrilateral). For the sake of example, assuming 

that the source patch is at the bottom and the target patch on 

top, Figure 22 illustrates how 33- and 44-tetras contribute to 

the mid-mesh. The contribution of a 33-tetra whose exposed 

face belongs to the target patch (blue triangle shown in A), the 

contribution of a 33-tetra whose exposed face belongs to the 

source patch (blue triangle shown in B), and the contribution 

of a 44-tetra with one exposed edge on the source and another 

on the target patch (blue quadrilateral shown in C) are shown. 














